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Balanced truncation model reduction [2, 3] is a powerful tool for reducing linear time-invariant (LTI)
dynamical systems, yielding reduced-order models that satisfy a simple a priori error bound in terms
of the system’s Hankel singular values. Consider the single-input, single-output (SISO) system

G :
{

x′(t) = Ax(t) + bu(t), y(t) = cx(t), (1)

where A ∈ Rn×n, b ∈ Rn×1, and c ∈ R1×n. We assume (1) is asymptotically stable and minimal. Such
a system is called principal-axis balanced if the unique solutions P and Q to the Lyapunov equations

AP + PA⊤+ bb⊤ = 0 and A⊤Q+QA+ c⊤c = 0

satisfy P = Q = Σ = diag(σ1, . . . , σn), where σ1 ≥ σ2 ≥ · · · ≥ σn > 0 are the Hankel singular values
of G. In this balanced realization, G satisfies the sign-symmetry condition

A = SA⊤S, b = (cS)⊤,

where S = diag(s1, . . . , sn) and {si}ni=1 ⊂ {±1} are the sign parameters corresponding to the Hankel
singular values. Balanced truncation reduces the model order by removing components of the state
space that correspond to small Hankel singular values, resulting in a reduced-order model Gr satisfying
the H∞ error bound [1]:

∥G − Gr∥H∞ ≤ 2(σr+1 + · · ·+ σn), (2)

assuming the neglected Hankel singular values are distinct. First, we show that the balanced truncation
error bound (2) holds with equality for SISO systems when sign parameters corresponding to the
truncated Hankel singular values are consistent, that is si = +1 or −1 for i = r+1, . . . , n. Second, we
show how to determine these sign parameters for systems having arrowhead realizations of the form

A =


d1 α2 · · · αn

β2 d2
...

. . .
βn dn

 , b = γe1, and c = e⊤1,

where γ ∈ R and e1 ∈ Rn is the first canonical basis vector. We prove that the sign parameters si
are determined, up to a permutation, by the signs of the off-diagonal entries of the corresponding
arrowhead realization: Namely, there exists a permutation {π1, π2, . . . , πn} of {1, 2, . . . , n} such that

sπ1 = sign(γ), sπi = sign(γαiβi), i = 2, . . . , n.

We illustrate these results with an arrowhead system arising in power systems modeling.
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